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Abstract

HE simultaneous solution of the nonhomogeneous

equations representing the continuity and vorticity is
frequently required in flow computations. Previous for-
mulations resulted in two uncoupled second-order differential
equations. A new approach is presented here, which is ap-
plicable in generalized two-dimensional and axisymmetric
domains. It is based on the definition of a streamlike function
which transforms the two first-order equations to a single
second-order equation with Dirichlet boundary conditions,
when the normal velocities are specified over the boundaries.

Contents

The continuity and vorticity equations can generally be
written in the following form:
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where (u,v) are the velocity components in (x,y) directions, S
is the source/sink term; w is the vorticity component in the
direction normal to the x,y plane; and j has the values of zero
and one for the two-dimensional and axisymmetric fields,
respectively.

In the present study, a new approach for the solution of
Egs. (1) and (2) is presented. It is based on the definition of a
dependent variable, which transforms the two equations to a
single second-order equation. The new variable will be
referred to as a “‘streamlike function’ and is defined such
that Eq. (1) is identically satisfied. The velocity components u
and v are expressed in terms of the streamlike function, x,,
and the source term, S, as follows:
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where x, is the x coordinate at some reference line.
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When Eqgs. (3) and (4) are substituted into Eq. (2), we
obtain

azXl aZXl J aXl
ax2 T 9y < ox =-0,(xy) (52)
where
. a ¢~
Oz(x,y)=xfw(x,y)+5g X/ 8(x,y)dx (5b)

The nonhomogeneous term, o;, in Eq. (5b) is dependent on
the source term, S; the vorticity, w; and on the choice of the
reference line.

Alternatively, another streamlike function, x,, could also
be defined to accomplish the same task. The integral term in
this case can be introduced in the velocity component, v, as
follows:
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In this case, y, is the y coordinate at a reference line.
The streamlike function x, also satisfies Eq. (1) identically.
When Eqs. (6) and (7) are substituted into Eq. (2), one obtains
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The boundary conditions for x, or x, are dependent on the
type of boundary conditions imposed on the flow velocities.
Since our interest in the problem and, consequently, the
examples presented are related to internal flows in tur-
bomachinery passages, only the corresponding boundary
conditions are discussed here. The following Dirichlet
boundary conditions apply for the streamlike function when
the normal velocity is specified over the boundaries:

x,:gxf V,,d[—g S fo(X,y)dxdy+constam C)}
and in terms of the streamlike function x, as
xz:gfo,,d/+S S x/8(x,y)dydx + constant (10)

where V, is the specified normal velocity and d/ is the in-
cremental contour length. The boundary conditions for the
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Fig.1 Scroll cross-sectional geometry,
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Fig.2 Streamlike function x, contours y, on the upper side.
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Fig.3 Streamlike function x, contours y, on the lower side.

streamlike functions are defined within an arbitrary constant,
as is the solution itself. Further details on the boundary
conditions for other cases can be found in the original paper.
It is important to stress here that in the present analysis, a
single second-order equation in one of the streamlike func-
tions, x, or x;, is needed in the solution. The corresponding
boundary values, as well as the nonhomogeneous term in the
resulting Poisson equation, are dependent on the choice of a
particular formulation and of the reference line. The com-
puted values of the flow velocities u and v are, however,
independent of the type of streamlike function used in the
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analysis and of the reference line location. The flexibility in
the present approach in terms of these available choices can be
used advantageously, depending on the particular problem
under consideration and on the numerical method used in the
solution of the resulting equations.

One example is presented to illustrate the choices available
in the application of the new formulation. It corresponds to
the inviscid flow in the cross-sectional planes of the turbine
scroll shown schematically in Fig. 1. In this case the source
term is dependent on the through-flow velocity variations,
and the normal flow velocities are specified over all of the
solution domain boundaries.! This includes the uniform
discharge velocity over the scroll exit, DFE; zero normal
velocities over the axis of symmetry, AE; and the irregular
scroll boundary, ABCD.

The resulting streamlike function x, contours are shown in
Figs. 2 and 3 in one-half of the symmetric scroll for two
different choices for the location of the reference line above
and below the solution domain respectively. As can be seen
from these figures, the streamlike function remains constant
over the impermeable solid boundaries facing the reference
line. The particular formulation can therefore be chosen such
that the reference line can be placed on the side of the
boundary with the most irregular configurations, which
would be more convenient in the numerical solution.

Although this example does not represent the most
generalized case, since the vorticity w in the rotationality
equation is equal to zero everywhere in the flowfield, it was
intentionally chosen to illustrate a different application of the
streamlike function. This same example has been formulated
prior to this work in terms of a potential function! which
resulted in Poisson equation with Neumann boundary con-
ditions. The streamlike function has been used in effect to
transform a Poisson-Neumann problem to a Poisson-
Dirichlet problem. At present, the fast and direct numerical
methods for solving the Poisson equation are applicable to
problems with Dirichlet boundary conditions over arbitrary
domains but not to problems with Neumann boundary
conditions over irregular boundaries. The applicability of
these methods could be extended through this tranformation
to the second class of problems.
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